In order to describe and compensate for complex hysteresis nonlinearities of piezoelectrically actuated fast tool servo (FTS), a novel Linear Fractional order Differentiation Hysteresis (LFDH) model is proposed in this paper. By means of the proposed LFDH model which is established on the fractional calculus theory, an analytical description of hysteresis behaviors of the FTS is derived. Furthermore, the LFDH model-based inverse compensation strategy is proposed to suppress the hysteresis effects of the FTS. Finally, a series of experiments are conducted to verify the effectiveness of the LFDH model and the corresponding compensation approach. The results demonstrate that the proposed LFDH model is efficient for describing hysteresis behaviors and the inverse compensation strategy can significantly suppress the inherent hysteresis of the FTS in open-loop operations.
Introduction
Fast-tool-servo-(FTS-) based single-point diamond turning (SPDT) is considered a very promising technology for the generation of freeform surfaces and complicated micro/nano structures [1] [2] [3] , and the piezoelectric actuator (PEA) has been widely employed as the driving source of the FTS for its various superior advantages, such as high stiffness, high-frequency response, high resolution, and miniature size [1] [2] [3] [4] . However, due to the intrinsic friction among the material crystals of the PEA, there always exists nonlinear hysteresis effects when electric voltages are applied to drive the PEA [4, 5] . Apparently, the hysteresis nonlinearity would significantly limit the positioning performance of the cutting tool of the FTS and even lead to the instability of the servo system, consequently limiting developments of FTS-based micro/nano machining [5] [6] [7] . To overcome these limitations, accurate models for hysteresis behaviors should be critically constructed to accordingly develop compensation strategies or enhance the performance of designed controllers.
Motivated by this, extensive mathematical models for hysteresis have been developed, and they may be classified into two aspects: physics-based [5] and phenomenological models [6] [7] [8] . The main disadvantage of physics-based models is that they require a large number of materialrelated parameters. The phenomenological models are more relatively suitable and have found widespread acceptance for practical applications in engineering. Various types of such models have been introduced, such as the Preisach model [6, 9] , the Prandtl-Ishlinskii (PI) model [10, 11] , the Bouc-Wen differential model [12] , the turning voltage-based model [7, 13] , and the neural network-based intelligent model [14, 15] . Essentially, almost all of these currently developed models are based on complex nonlinearity operators. The main disadvantages of these models can be summarized as follows: (a) these nonlinear operators have significantly limited the implementations of the well-developed analysis and control theories of linear systems to the FTS; (b) these nonlinear operators will add difficulties to the calculation of model inversions and even lead to ill solutions.
Fractional order calculus (FOC) theory, which is a generalization of the conventional integration and differentiation to noninteger orders, has found rapidly increasing applications in various fields [16, 17] . It has been widely 2 ISRN Mechanical Engineering believed that FOC could be used to describe a real process more accurately and more flexibly than classical methods [16] . A typical implementation of FOC is the description of dynamic properties of viscoelastic materials [18, 19] . Motivated by these fractional order models for viscoelastic materials, Sunny et al. [20] proposed two models to describe the resistance-strain hysteresis behavior of a conductive polymer sample by combining a series of fractional/integer order functions [20] . Both of the two developed models contained too many parameters to be identified, and the existing hysteresis phenomenon was different from that of PEA.
The present paper aims at presenting a linear scheme for describing hysteresis nonlinearities of piezoelectrically actuated FTS. By taking advantage of the nonlocal memory properties of FOC operations, the nonlocal memorydominant nature of hysteresis nonlinearity is described by a fractional order differential equation (FODE), and a novel Linear Fractional order Differentiation Hysteresis (LFDH) model is accordingly proposed in this paper. In Section 2, the basic definitions and characteristics of FOC theory are introduced. The modeling procedure of the LFDH model and the corresponding inverse compensation strategy are further presented in Section 3. Section 4 focuses on the conduction of experiments to verify the effectiveness of the proposed model and the compensation approach. Finally, the main conclusions of this paper are drawn in Section 5.
A Preliminary to FOC
Fractional order calculus is a generalization of the conventional integration and differentiation to noninteger orders with the fundamental operator t0 D α t f (t), which is defined as
where t 0 and t are the limits of the operation, respectively; α is the order, and α ∈ R, but α could also be a complex number. Generally, there exist several well-known definitions of FOC operations including the Grunwald-Letnikov (G-L) definition, the Riemann-Liouville (R-L) definition, and the Caputo definition [16, 21] . In this paper, the G-L definition is employed to directly carry out the numerical computation of fractional order operations, and it can be expressed as [16, 21] 
where Γ(·) is the Gamma function, h is the calculation step.
As given in (2), if f (t) is an analytical function of t, its and α, this may increase the flexibility of FOC for representing the modeled objects. Meanwhile, it is evident that the weights of f (t − jh) would decrease with the increase of j. It indicates that the fractional order operation possesses nonlocal variable memories with respect to different temporal intervals. Both, fractional differentiation and integration are linear operations, which satisfy
where a and b are constant, g(t) is another analytical function of t.
For zero initial conditions, the Laplace transform of G-L definition can be written as [16] 
Hysteresis Modeling and Compensation of the FTS
3.1. The LFDH Model. From an electrical circuit point of view, the PEA can be considered as a capacitive component, and the electric-driven circuit can be illustrated in Figure 1 . The relationship between the actual voltage u pzt (t) applied to the PEA and the control signal u c (t) can be expressed as follows [22, 23] :
where n denotes the number of layers of the PEA; d 33 denotes the piezoelectric constant; R and C are the equivalent resistance and capacitance of the PEA, K Amp is the nominal amplification factor of the power amplifier, and the value of τ = RC can be regarded as the time constant of the driving circuit. Assume that the working frequency of the FTS is much lower than its natural frequency and the dynamic behaviors of the mechanism could be ignored, the relationship between 
x fh (t) the driving force of the PEA and the displacement of the mechanism can be expressed as
where x fh denotes the displacement of the FTS mechanism, k pzt and x pzt denote the equivalent stiffness and the displacement of the PEA, respectively. Substituting (6) into (5), then the governing equation between the control signal and the corresponding displacement of the mechanism can be obtained as RC nd 33
Considering hysteresis effects, we modified (7) based on the FOC theory and proposed a Linear Fractional order Differential Hysteresis (LFDH) model.
By introducing the fractional order differentiation, the governing equation of the FTS can be expressed as
where χ, ρ, κ are constant, μ and δ are the differentiation orders of the displacement and the command signal, respectively.
Taking the Laplace transform of two sides in (8) yields
where s represents the Laplace operator, G H (s) represents the transfer function of the FTS mechanism considering its hysteresis nonlinearity, and X fh (s) and U c (s) denote the Laplace transform of x fh (t) and u c (t), respectively.
The LFDH-Based Inverse Compensation Strategy.
The inverse compensation for hysteresis effects of the piezoelectrically actuated FTS relies on the capacity of hysteresis predictions of the LFDH model. Figure 2 illustrates the principle of the compensation strategy in open-loop operations. The main characteristic of the strategy is that the control signal would primarily be compensated by the inverse model and then applied to the PEA. As for compensation operations, it is essential to obtain the compensated control signal u c (k) corresponding to the desired displacement x d (k). As for conventional hysteresis models, the model inversions are difficult to be achieved due to their complex nonlinear operators [6, 10, 11, 13] . However, by taking advantage of the linear frame of the LFDH model in this paper, the analytical description of the inverse LFDH model can be directly accessed as
Generally, to realize the LFDH model-based inverse compensation, there exist three main steps, namely, modeling and identification, compensated command signal calculation, and application. These steps could be formalized as follows.
Step 1 (modeling and identification). In this stage, a set of study signals are specified to obtain the characteristics of the FTS system, and then the parameters of the LFDH model are estimated based on certain evolutionary optimization schemes (EOS).
Step 2 (compensated command signal calculation). In this stage, a set of desired displacement values x d (k) are created, and then the compensated control signal u c (k) is calculated according to the inverse LFDH model as shown in (10) .
Step 3 (application). In this stage, the compensated control signal is applied to drive the FTS to achieve the desired displacements.
Experiment Results

Experiment
Setup. The authors of this paper carefully designed a short stroke FTS for ultraprecision diamond turning in [4] , where the cutting tool is actuated by the PEA and guided by flexure hinges. The position and dimension parameters of this FTS mechanism were determined by a multi-objective optimum approach. It could reach up to a stroke of 10.25 μm with at least 2 kHz bandwidth, and the hysteresis phenomenon is about 19.5% of the stroke. The photographic of the designed FTS is presented in Figure 3 . This FTS mechanism consists of four main parts, namely, the base, the PEA, the tool holder, and the flexure hinges. Under working conditions, the tool holder is actuated by the PEA and guided by a group of parallel and symmetric hinges, which are designed as circular notch-type hinges. Figure 4 illustrates the test and measurement equipment of the experiment part. As shown in Figure 4 , a computer is used to generate the command signals for the PEA and implement the control procedure in Section 4.3. The generated signal is converted through a data-acquisition card from ADLINK and amplified by an amplifier module PI E-617 with a nominal amplification factor 10 ± 0.1. Capacity transducer-based sensing methodology, which is frequently employed for trajectory tracking of FTS, is chosen for dynamic position measurement. The resolution of the high precision capacitive sensor is 0.0077% of the full stroke, and its working bandwidth is up to 35 kHz, with an effective measurement range of 200 μm. The measured signal is converted to a digital signal by the data-acquisition card, and then gathered and stored in the computer for further analysis. To reduce the external disturbances, the experiments are carried out on a vibration-isolated airbearing platform.
Identification of the LFDH Model.
For the identification process, a hybrid signal with variable amplitudes is employed as the command signal, and the corresponding output of the FTS mechanism is measured via the high precision capacitive sensor. The frequency of the command signal is especially chosen as 1 Hz. The low frequency chosen here can avoid possible separations between the PEA and the tool holder during rapid expansions and retractions of the PEA [6] , and the hypothesis that the displacement of the PEA is equivalent to that of the mechanism can come into existence.
Similar EOSs as shown in [24, 25] are established for the estimation of parameters of the LFDH model. The meansquare-error (MSE) is employed as the objective function, and an improved differential evolution (IDE) algorithm is utilized as the searching tool for the optimal parameters. The identification procedure will be detailed in our future work.
Accordingly, the identified LFDH model can be obtained as
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.
The displacements generated by the FTS and the identified model are illustrated in Figure 5(a) , the hysteresis loop generated by the FTS and the model in several periods are presented in Figure 5(b) , and the modeling error is illustrated in Figure 5 (c). As shown in Figures 5(a) and 5(b), the response generated by the proposed model agrees well with the actual response measured from the FTS mechanism. From the resultant error shown in Figure 5 (c), the maximum modeling error in the steady state is about ±0. 15 μm, which is about ±1.75% of the full span range. The results demonstrate that the LFDH model could fit experimental data with a good degree of accuracy.
Inverse Compensation for the Hysteresis.
According to the identified LFDH model as presented in (11) It should be noticed that the tracking errors in the initial stage are much larger. This phenomenon may be due to the dynamic characteristics of the FTS mechanism, which is not considered in our current work.
As we have reported before, the relative error of hysteresis nonlinearity of this FTS mechanism is about 19.5%. But after the proposed compensation strategy is implemented, the relative error caused by hysteresis nonlinearity is strongly reduced to less than ±2%. All of the results indicate that the LFDH model-based inverse compensation approach can significantly suppress the inherent hysteresis of the FTS in open-loop operations.
Conclusions
The main contribution of this paper is to develop a linear mathematical model to describe the complex hysteresis nonlinearity of piezoelectrically actuated FTS. Based on the linear frame, it enables us to implement the welldeveloped analysis and control theories of linear system into FTS system. The proposed model is constructed based on fractional calculus theory. It can give an analytical description of hysteresis. To verify the effectiveness of the LFDH model and the inverse compensation approach, a series of experiments are conducted. The maximum modeling error is about ±1.75% of the full span range, and the relative positioning error can be strongly reduced to less than ±2% by implementing the inverse compensation approach. The results verify that the proposed LFDH model is efficient for describing the hysteresis behaviors and that the LFDH model-based inverse compensation approach could significantly suppress inherent hysteresis effects in open-loop operations.
